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Let a,b, and ¢ be the lengths of the sides opposite vertices 4, B, and C, respectively,
a nonobtuse triangle. Let 4,45, and k. be the corresponding lengths of the altitudes.
Show that: (}Z’ )2 + (%)2 + (%)2 > %

Solution by Arkady Alt, San Jose ,California, USA.

First we will prove that in any triangle with sidelengths a, b, ¢ holds inequality

1)  A@b,c) - ( T ) > 9, where A(a,b,¢) =23 ab— Y a?.

Proof.

Letx :=s—a,y :=s—b,z := s — cwhere s is semiperimeter of the triangle and let

p = D_xy,q := xyz. Then x,y,z > 0 and assuming s = 1 (due homogeneity of (1))

weobtainx+y+z=l,a=1-x,b=1-y,c=1-z>a=2,>ab=

SU-x)1-p) =Y GE+0) =1+p,3a* = a)’ -23ab = 2(1 -p),

abc = (1 -x)(1 =y)(1—2) = p—q, Sa?*h* = X ab)* —2abc> a =

(1+p)2—4(p—q) = (1 -p)* +4¢,A(a,b,c) = 4O ab)* — (X a)’ = 4p and

4p((1-p)* +4q)
r-9)°

Since 3p = 33 xy < (X x)> = 1and 9¢ > 4p — 1 (normalized by > x = 1

Schure’s inequality > x(x — y)(x —z) > 0in p,q notation) then g > 4[%1

t (1 _p)2 + 4q
r-9)°
Q_x) - O_xy) = p) we obtain for p € (1/4,1/3] that

4p -1
W(A-p)+4) o 4p((1‘p)2+4’ 5 ) o 9p-1)(1-3p)?

inequality (1) becomes > 0.

and noting tha increases by g € (0,p/9] (9¢ = 9xyz <

r-9)° - ( 419—1)2 (5p+1)? -
G
4p((1-p)* +4 4p((1-p)*+4-0 _ _
If p € (0,1/4] then p((-p) b 1) o, -p) * ) _G-pU-4) _,
P-9) (p-0) p
Thus, equality occurs iff p = 1/3 and ¢ _4-d3)-1 (1/93)_1 =2—17<:>x=y:z=1/3

that is in original notation iffa = b = c.
Coming back to the original problem in case of acute triangle, by replacing (a,b,c)
in inequality (1) with (a?,b2,c?) we obtain, since A(a?,b?,c?) = 16F? , where F is area of
2 2
the triangle, that 16F2 - Z L >9 oy 24t 4a” h > % = Zh—g > 2
a
In the case A4BC is right angled with C = 90 , we have
= a+b%h, = bhy = ah. = 4L

and(%)va(hff) ( ) ( ) ( ) (a +b2)2:a4a;;7§4+(a2aib;2)2'




Since (a? + b%)* < 2(a* + b*) then, denoting ¢ := “42—+b§’4 > 2 we obtain that
a

a* + b* a*b? 1.9 19 _ W-1DH(E-2)
2 + (a2+b2)2 > t+ > > 4,becauset+ 7R Y VE— > 0.

Thus, in inequality of the problem equality occurs iff the triangle is equilateral or
isosceles right angled.



